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Triviality of Hierarchical O(/V) Spin Model in
Four Dimensions with Large NV
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The renormalization group transformation for the hierarchical O(N') spin model
in four dimensions is studied by means of characteristic functions of single-site
measures, and convergence of the critical trajectory to the Gaussian fixed point
is shown for a sufficiently large N. In the strong coupling regime, the trajectory
is controlled by the help of the exactly solved O(c0) trajectory, while, in the
weak coupling regime, convergence to the Gaussian fixed point is shown by
power decay of the effective coupling constant.

KEY WORDS: Hierarachical model; triviality; renormalization group analysis;
1/N expansion.

1. INTRODUCTION

In order to study a critical spin system with a large coupling constant, it
is necessary to control the renormalization group trajectory in a strong
coupling regime. In the case of the hierarchical Ising model in four dimen-
sions, the method using characteristic functions of single-site measures was
developed and the critical trajectory was shown to converge to a Gaussian
measure.” This means that the hierarchical Ising model in four dimensions
is trivial, namely, the continuum limit of the system is Gaussian.

In the present paper, we study the hierarchical O(N) spin model in
four dimensions and show the triviality of this model for a sufficiently
large N.

Let N>1 and 4> 0 be integers. We consider Dyson’s hierarchical
spin model® with O(N) symmetry on the lattice £, = {0, 1}
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bo =0, o €RY, 0=(0y-...0,) e &, (1.1)

1 & 1 2
HA(¢) - _5 ngl (260)" 0 gees 01 =0,1 16,,,...6,=0,1 ¢HA """ al” (1.2)

1
CFY i =——[dd F(@) exp(—pH,®) T h"@Gp). (13
A, hy e 2,
Zasgo = [ d exp(—BH@) T 46", (1.4)
where > 0 and

w=2%  d>2. (1.5)

For the normalized single site measure density 45", we choose

B (x) = const. 3(|x| —/N @),  xeR”, (1.6)
for « > 0. This spin system is called the d dimensional hierarchical O(N)
spin model (slightly different from the version considered in refs. 5 and 6).

In what follows, we shall fix the so far arbitrary normalization of the spin
variables by

B=—. (1.7)

Hierarchical models are so designed that the block-spin renormaliza-
tion group transformation £ has a simple form. Define the block spins ¢’
by

1
¢; =7 z ¢‘n917 T= (TA—la"" Tl)‘
\/270 6,=0,1

If a function F(¢) depends on ¢ through ¢’ only, namely, if there is a func-
tion F'(¢") of the block spins such that

F(¢)=F'(¢),
then it holds that

CFy WY = <F,>A71,m{f")a
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where £ is the mapping defined by

@h(x)=const.exp<§|x|2>_[Nh<\/§x+y>h<\/§x—y>dy, x e RY.

(1.8)

Macroscopic properties for the spin system defined by (1.1)-(1.4) are
derived from the asymptotic behavior of the renormalization group
trajectory

AV = 2™, 0. (1.9)
Note that
he(x) = const. exp(—1 [x]?) (1.10)

is a fixed point of £, and the expectation <-},, defines a Gaussian
measure. We refer to s as the trivial fixed point of X.

In a weak coupling regime, i.e., in a vicinity of the trivial fixed point 4,
rigorous methods were developed to control the renormalization group
trajectory for £.% %Y However, in order to show existence of the critical
trajectory (1.9), we need to study the mapping £ in the strong (as well as
weak) coupling regime, since the starting point (1.6) is regarded as the
strong coupling limit of multi-component A¢* measure:

o(x|—y) = lh_r)r:o const. exp(—A4 [x|*+24y* [x]?).

In the present paper, we study the trajectory (1.9) and show that the
critical trajectory converges to the trivial fixed point 4;. To be precise:

Theorem 1.1. Let d =4. For a sufficiently large N, there exists a
positive constant a, such that if 2", n >0, are defined by (1.6) and (1.9)
with a = ay, then the sequence of measures 4" (x) dx, n > 0, weakly con-
verges to the trivial fixed point measure 4,(x) dx as n — oco.

As a result of the above theorem, we see that “the continuum limit”
constructed by using the critical trajectory is Gaussian.

Our proof of Theorem 1.1 is based on the method using characteristic
functions of single-site measures developed in ref. 7. In the present paper,
we analyze the O(IV) trajectories in the strong coupling regime by explicitly
solving O(o0) trajectories and by estimating differences between O(c0) and
O(N) trajectories. Thus, if N is sufficiently large, we can deal with the
renormalization group transformation by hand in contrast with the case



1672 Watanabe

N =1 solved in ref. 7, in which the analysis in the strong coupling regime is
partially computer aided. On the other hand, our argument in the weak
coupling regime is essentially the same as ref. 7.

As is stated in Theorem 1.1, we concentrate on the case d =4 and put
w= ﬁ, though a parallel argument is possible for d > 4.

2. OUTLINE OF THE PROOF

The proof of Theorem 1.1 is decomposed into three parts:

(1) O(N) Trajectory in the Weak Coupling Regime

We obtain a criterion for the trajectory (1.9) to converge to 4, assum-
ing that the trajectory has entered a vicinity of 4; (Proposition 2.1). Our
criterion is stated in terms of characteristic functions and differs from the
one given in ref. 11, which is so complicated that it is not clear whether the
trajectory starting at (1.6) meets it.

(2) O() Trajectory

We explicitly calculate the O(o0) trajectories, i.e., the trajectories cor-
responding to N = oo, and derive the asymptotic behavior of trajectories
near the critical point (Proposition 2.2).

(3) From O(V) Trajectory to O(c0) Trajectory

We show that an O(N) trajectory converges to an O(o0) trajectory as
N — oo (Proposition 2.3). Consequently, we can find the critical O(N)
trajectory in the vicinity of the critical O(o0) trajectory for a sufficiently
large N.

In this section, we describe the outline of our argument and prove
Theorem 1.1 assuming Propositions 2.1-2.3 stated later. These proposi-
tions are proved in the subsequent sections.

2.1. Characteristic Functions

We consider characteristic functions of effective measures
AV©=FhVE) = e/ TEORV 0 dx, n=0,1,2,..,
R

and write the renormalization group transformation for ﬁff" ) as

N = 7 RF WY, = 7SR (2.1
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where

Set)=g <\/1_270 a)z, 22)
T g(&) = const. exp <—§ A > g(&). (2.3)

In the above, A denotes the N dimensional Laplacian and the constant is
chosen so that

Tg0)=1
holds. Since 2™ has spherical symmetry, we shall often write
(&) = (©),

where & = [§]. )
The mapping .7 & has the trivial fixed point /(&) = exp(—¢&2).

2.2. The Lee-Yang Property

Let us introduce a “potential” V(&) and its Taylor coefficients u",)

by

A (&)= e, 2.4)
v =Y, uet 2.5)
k=1

for n>0. (Note that A (0) = 1, i.e., ¥{"(0) =0.) The coefficient u{") is

called a truncated correlation. Since h{" (&) is even, uf") vanishes if k is

odd.

As is well-known, the hierarchical model has the Lee-Yang property
for any N > 1: A% (&) has only real zeros. (See, e.g., ref. 8.) As a result, the
truncated correlations have the bound:?

0 <kus), <QuiH*?, k=3, n>0. 2.6)
This implies the following:

(1) The Taylor expansion in the right hand side of (2.5) has a
nonzero radius of convergence;
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(2) Itsuffices to prove lim, _, ,, 1§, = 0 in order to ensure lim, _, ,, x5,

=0 for all k> 2, which implies weak convergence of the trajectory to a
Gaussian measure.

Next we introduce the scaled potential v () and its Taylor expansion

by

o™ () = — V(N)(f n)—z v, nx>0. 2.7

In other words, we scale the truncated correlation u") as
v =N k=1, n>0.

Then, v{") turns out to be ©(1) with respect to N (Lemma 5.4). We refer to

v{") as a scaled truncated correlation. In particular, for the trivial fixed

point measure /4(x), the scaled potential is given by

v () =n. (2.8)

2.3. Differential Equations for Potentials

In view of (2.2) and (2.3), we consider the following equation:

5,;<N)(, £ =—AEMLE), nx1, te[0, /2], (2.9)

or, equivalently

i A(N)(t == aa;hffv’( 1,)— A aéﬁ(m(t $), n=l, te[0,8/2],

with the initial condition

2
h(N)(O f) h(N) (\/;27 >, n>1.
0]

Then, we have

A5, ¢)

AN (&) =227
AN (£, 0)
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We also define the t-dependent scaled potential and its expansion by

o™ (1, n)———logh%f Nm=Y vOnt, =1, re[o,f/2].

k=1

Then, the potentials v"(¢, #), n > 1, obey

0 0 2 1\1 0 1 82
() — N) —1==1= ) _ )
P (t,n) (aﬂvn (t,n)> < N)ﬂ 2 v, (2, 1) v anzvn (., m),

(2.10)
1
(N) 0, 20 2.11
0, 7) = 2v, (\/%n> (2.11)
N N ﬂ N ﬂ
v (n) = v§ )<2,n>—v£ ’<5,0>, (2.12)

and the Taylor coefficients v$}),(r), j> 1, n > 1, obey

dvgy)n(t)_ y msz)(z)v<N>(z)—(zj+2)(1+f—Vj>v5ﬁz,,(t), (2.13)

m+=2j+2

ml=2
ng)n(O) = (2 ) szzl 1> (2.14)
V0 = <§ ) 2.15)

The scaled potential (2.8) is a fixed point of the above recursion relations.
Note that v (¢) has the positivity due to the Lee—Yang property

2j,n
YO0, je1, n>1, (2.16)

since vgff ) (¢) is regarded as a scaled truncated correlation for a hierarchical

model with z-dependence. (See (5.6)—(5.9).)

2.4. Proof of Theorem 1.1

In the weak coupling regime, i.e., in the vicinity of the trivial fixed
point (2.8), we write v{"), k =2, 6, 8, as follows:
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1 2
v = 1+7§<1+N> v+ M2, 2.17)
v = a2+ V), (2.18)
v =MV’ (2.19)

where vffv,,) is assumed to be small. In fact, analyzing solutions to
(2.13)—(2.15), we obtain the following proposition (proved at the end of
Section 3).

Proposition 2.1. Suppose that there exist a positive integer n; and
positive constants a, (x_ <« ) such that

(1) it holds that

¢ =< if a=o,, (2.20)
(M ==¢  if a=a, (2.21)

(2) forae[a_,a,], the following conditions are satisfied:

LS 1<,

N
v <,

IC6%n 1 vEY, < €.

, 1 4,n,

[ ¥ AR VAR

where (, €, €, and €, are positive constants determined in Section 3.2. Then,
there exists a value ay € [a_, a, ] such that

lim v{") =1, (2.22)
lim v{") =0 (2.23)

n— o

hold at o = a .

Next we formally put N = oo in (2.10). Namely, we consider the equation

0 0 210
RANCY! _ () _2 ()
=02t <an 0, n)) R O (2.24)
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with
1
o0 =22, (1), (.29)
V20
=0 (5o )-u (5.0), (2.26)

where the initial point is chosen as follows (see Lemma 4.1):

" 2a%n
0 14/1—do’y?

In Section 4, we solve (2.24)—(2.27). The solution is referred to as the O(o0)

trajectory. As is seen in Section 4, the critical value of a is ./ 2+ﬁ and
the critical trajectory tends to the trivial fixed point (2.8) as n — c0. (See
Lemma 4.4.)

Now, consider the Taylor expansion

v§ ) = dp (= lm o). @27)

v =Y viim®,  n>0, (2.28)
j=1

and write v{°), k=2,6,8,n>0 as:

1
i =1 7 v+ LIV, (2.29)
v = 4LV, (2.30)
Vi =GR’ 2.31)

Then we have the following proposition (proved at the end of Section 4).

Proposition 2.2. There exist a positive integer n, and positive con-
stants a, , «__ (a,, > a__) such that

(1) it holds that

() =2, at a=a,,, (2.32)
() <=2,  at a=a__, (2.33)
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2) foraela__,a,, ], the following conditions are satisfied:

0 <V <je, (2.34)
6 1 v <3 € (2.35)
6 v <je. (2.36)

In the above, {, €, €,, and €, are the same constants as in Proposition 2.1.

Finally we show that the O(N) trajectory is approximated by the
O(0) trajectory (proved at the end of Section 5).

Proposition 2.3. For each j=1,2,..., and for each n=0, 1, 2,..., it
holds that

lim v%"}, = v§j°1, (2.37)
N -

The convergence is uniform in a on any compact subset of (0, o).

This fact is by no means trivial, because (2.10) is a singular perturba-
tion of (2.24), to which the standard theory of differential equations does
not apply: note that (2.9) is a diffusion equation in the inverse direction of
time. We show Proposition 2.3 by means of 1/N expansion developed in
ref. 9.

Theorem 1.1 readily follows from Propositions 2.1-2.3.

Proof of Theorem 1.1. We first use Proposition 2.2 and fix the
integer n,. Then using Proposition 2.3 for n=n, and j <4, we see, for a
sufficiently large N, that

CgNn)l BC: at =0, ,
Cg,v;l)l < _é’, at A=0o__,

and that, for e e [a__, a, . ],

)
4,ny
ICE0, 1 v, < €o,

[ ¥R VARNY

0<vy') <ge,

Since Cg",,)l is continuous with respect to a € [a__, a,, ], we can choose a
subinterval [a_,a,]<[a__,a,,] so that the assumptions of Proposi-
tion 2.1 are satisfied. Theorem 1.1 follows from (2.22) and (2.23) by virtue
of 2.6). 1
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3. O(N) TRAJECTORY IN WEAK COUPLING REGIME

In this section, we analyze the solution to (2.13)—(2.15) in the weak
coupling regime and prove Proposition 2.1. We shall abbreviate v{")(?),
v, and ) as v, (), v ., and {, ,, respectively, since we fix N through-
out this section. All the bounds in this section are uniform in N.

3.1. Recursion

Let us consider (2.13)~(2.15). We introduce functions 4,; ,(7), j=>1,
n=1, by

Vy; (1) = 0(2) w_1v2,n—1§j,1 +a(t)¥ Agj n(0(2) 1), jizl, nz1,

in order to separate the main contribution o(¢) w™'v,,_; to the “mass
term” v, ,(¢), where

1
=
a(?) 1—4w 'y, it
In what follows, we assume that o(¢) is defined for z€[0, §/2]=
[0, (w—1)/4]. This is the case if v, ,_, is close to 1.
It is easily seen that 4,; ,(7), j > 1, satisfy the same equations as those

for v (0):

d . 2j .
L@ = Y mth,, (D) ze,,,(r)—(2]+2)<1+—’> Ipean(@s 31,
dv m+0=2j+2 N

m =2 3.1

with
0, i=1
Aya(0)=1¢ 2 . (3.2
(2—60)]»"21-,,,71, j=2,
v2j,n =rv2,n715j,1 +(rw)2j 2'2j,n(T')a ]> 15 (33)
where
1 (3.4)
r= s .
l—(@—1D(vy,-1—1)
1
T=-wlw-1)r. 3.5

4
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Let us rewrite (3.1) and (3.2) for j < 4 as integral equations:

haa@ =] <4,12,,,(f)2—4<1+%> /14,,,(r)> dr, (3.6)
han(@® =5 : Ve 1+j <16/12,,(r)/14,,(r) 6<1+ >/16n(r)> 3.7)
o) = % Vo

+j <242.2,,(1:)}.6,,(1)+16ﬂ4,,(r)2—8<1+ >,18,,(1)> r, (3.8)
Jon(D) = gz

+j <32,12 (1) Agn(T) +4824 (1) Ag () — 10 <1 +— >,110 n(r))dr
(3.9)

We now derive expressions for {, ,, j = 2, 6, 8, introduced in (2.17)+2.19)

and confirm the “marginal behavior” of v,, by using a)=ﬁ d=4).
Successive use of (3.6)—(3.9) yields

2\1

Aoy n(7) = —4 <1 +N>Z Vo 1T+ X5(7),
1
Aan(T) = 2 Va1 + X4 (2),
1
A6n(r)_ ﬁvsn 1+V4n 17+ X4(7),
1

/18 n(T)— v8n 1+ X5(2),

where

X,(7) =f: <4/12,n(z')2—4<1+%>X4(1)>d~c, (3.10)

X,(7) = jo’ <16,12,,,(1) dun(1)—6 <1 +%> ,16,,,(T)> dr, (3.11)
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X0y = [ (28220 =80 )
) 6
+16X,(7)*—8 1+N A (1) ) dr, (3.12)

X0 = [ (320200 10+ 4820,0(5) n(=10 (14 ) 2D )
(.13)

Using the above expressions, we obtain the following recursion relations:

LoVa =210, Ve, 1+ Y, (3.14)
1
C6,nvz,n:7§r666,n—1v2,n71+}f65 (315)
3 1 8 3
CS,nv4,n=§rCS,n71v4,n—l+Yv87 (316)
1 4
v4,n=v4,n—1 <2 N> v4n 1+Y4, (317)
where
1 2 r—1 2
YvZ=7§<1+N>(v4,n—1_v4,n)+$<l+ﬁ>v4,n—l
1 3 2 )
+ 1_\7 (r—r°) 1+N Vano1 +2r°X,(T), (3.18)

Y, =—(3— 2f)<1+ >(r—1)V4n1 3(\[—1)<1+ )(r —D Vi
33— 2f)< >(r-1)v4,, G 2\/)<1+ >(r—1>m1

+A(/2=1) 1y Ve H (= 1) (P4 204 3) vy +4X(T)

2 . T W (T
—64( 1+ )r v4’n,1£) X, (7) dr+ 64r jo X,(2) Ay ,(7) dr

3(/2-1)(, 4\ , 4\ 7
—T<1+N>r CG’n1v4,n_1—24<l+N>r L X(7) dr, (3.19)
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Y, =40}, —5) +2/20°= 1)V,
+(4=2./2)(r"=1)V2,_ +8r°X(T), (3.20)
Y, = 16r*X4(T). (3.21)

3.2. Bounds

Let us derive bounds on {,;,,j=1,3,4, and v,, by means of
(3.14)—(3.17). Our starting point is:

Jia(r) =20,  k=4,6,8,10, (3.22)
Ay 2(7) 0. (3.23)

The first inequality comes from (2.16). The second one is shown as follows.
From (2.13), we see that v, ,(f) obeys

d , 2
() = 40, () —4<1+N>v4,,,(t),

whereas the function ¥, ,(¢) = o(¢) @ 'v, ,_, satisfies

d _ -
E v2,n(t) = 4v2,n(t)2'

Since v, ,(0) =¥, ,(0) and v, ,(¢) = 0, we have

v2, n (t) < 172, n(t)’

and hence (3.23).
Using (3.22) and (3.23), we obtain the following lemma.

Lemma 3.1. Suppose thatv, , , and{, , ,,m=2,6,8, satisfy

Va1 S €, (3.24)
|Cm,n—1| v4,n—1 < 609 m= 29 6, 8 (325)

Then v, , and {,, ,,m=2, 6, 8, satisfy

Va,n—1 —Svi,nq <Van <Van-1 _% Vﬁ,n—l, (3.26)
on—/2600al <Ci, (3:27)
|C6,nl < 0.8 L6, no1]+Co(1+ L5 01), (3.28)

s nl <0.6 L5 1]+ Cs, (3.29)

where C,, C,, C;, and ¢, are positive constants independent of N, n, and .
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Proof. Suppose that v, ,_,, k=2, 6, 8, have the following forms

1 2
Von—1 = 1+7<1+_> Va1 +8o n—lvi n—1s
> 2 N > > >
v6,n—l :4v¢2t,n71 +C6,n—lvin715

_ 3
V8, n—1 _CS,n—1v4,n—1

with the bounds (3.24) and (3.25). Then, if we choose €, sufficiently small,
equations (3.4)—(3.8) together with (3.22) and (3.23) yield
I<r<145v, .,
0<T <1,
=34 o1 <4y ,(7) <0,
0< A4 (1) <§Vanors

0 < j'6,71(1.) < vi,n—l'
Using the above bounds, we have for 7 € [0, T']

|X,(7)| < const. v3 ,_,,
| X, ()| < const. vj ,_i,
|X6(T)| < const. (1 +C8,n—1) vi,nfla

X,(t) <const. v3,_,,
and hence

|Y,| < const. v; ,_,
|Ys| < const. (1485 1]+ 106 n—1]+1Cs, n-1) vi,n—l
|¥el < const. (1+1Cs 1) Vi uo1s
Y; < const. v; ,_;.
The lemma follows from the above bounds and (3.14)-(3.17) combined

with the assumptions (3.24) and (3.25), if we choose appropriate constants
C,,C,,and C5. |

Remark. The function o¢(?) is well-defined on [0, /2] under (3.24)
and (3.25), if we choose €, sufficiently small.
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Using the positive constants C;, C,, C;, and €, in Lemma 3.1, we put

(=(/2+1)C, (3.30)
. €
€, = min <60, Toc) (3.31)
. € € 26
= B i 0 3.32
€ min <605 {9 10C29 5C3> ( )

Proof of Proposition 2.1. Put A=[oa_, a,]. Under the assumption

(2) of Proposition 2.1, we see that (3.24) and (3.25) are satisfied for
n=mn,+ 1 and for any a € 4. From the assumption (1) and (3.27), we have

Com1>¢ at a=ua,, (3.33)

CZ,n1+l < _C at oL=0o_. (3.34)

These bounds imply that {,, ., runs through [—{, {] when a scans 4.

Then, we can find a subinterval A’ =[a’, a ] of 4 such that
C2,n1+1 = iC at aza’ia (335)
Comunl<C  for aed. (3.36)

Furthermore, from (3.26), (3.28), (3.29) and assumption (2) of Proposi-
tion 2.1, we have

v4,n1+1 < v4,n1 _%vﬁ,nl’ (337)
|C6.ny 411 Va, 11 <€, (3.38)
|Cs.my 41| Vany 41 <€ (3.39)

for any ae€ A. Thus, the assumptions of Proposition 2.1 have been
reproduced at the next stage by replacing a, by a,. Therefore, Bleher—
Sinai argument™®*') (see also p. 25 in ref. 7) applies and, (2.22) and (2.23)
hold for some a € 4 because of (3.37) and (2.17). |

4. O(o0) TRAJECTORY

In this section, we solve the recursion relations (2.24)-(2.26) with
(2.27). Using the solution, we derive bounds on the Taylor coefficients
v§?) j=1,2,3, 4, defined in (2.28) and show Proposition 2.2.

2j,n>
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4.1. Recursions

We firstly confirm the initial point (2.27).
Lemma 4.1. Put

={(oc,17)e(0,oo)><@ 20|yl <1 or

T
argn—z <@ or

T
argn +§‘ < 6’}
for 8 > 0. Then, for a sufficiently small 8, it holds that

2 2
lim iv(N)(n)— il

N +/1—4a2?

where the convergence is uniform in («, #) on any compact subset of D,.
Furthermore, v§)), j > 1, converges as N — oo.

(O(, ’7) € D0’ (41)

Remark. In this section, we use (4.1) only for # with 2a || < 1. The
result for # near the imaginary axis will be used in Section 6.

Proof. The Fourier transform of (1.6) is written as

7 Iy 2—1(\/N al)
A (&) = 2) N2tV T TR 4.2
@ =TW /) 2)

as a function of & = |§|, where J, denotes the Bessel function of order v:

()’
fl“(v+)

The derivative of the scaled potential defined by (2.7) is therefore given by

J,(2) = f cos(z cos 0) sin? 0 d6. 4.3)

ld%,ﬁ((JN)(\/N ") — Iy (Nan)
N ﬁgN)(\/Nn) Injp—1(Noup)”

d _
a0 == (44)

Then, using the relation

2y
Jym1(@) +J, +1(Z)——J(Z)
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we have
d c
N gy 00 ) = : T (4.5)
n 1— C
1— @
- &
1—
Co1
1—w,
where
co = o’y (4.6)
2,2
- i=1, @.7)

¢, = - —,
LA+

- an Iy j2+e(aNT)
42D Injase—1(aNn)’

N

e>1. (4.8)

Now, let 6 be a sufficiently small positive constant, and let D' be any
compact subset of D,. Then, by choosing a sufficiently large ¢ (depending
on D'), we see that the right hand side of (4.5) is well-defined for («, #) € D’
and is holomorphic in #. Furthermore, it holds that

d o’y? 2u°n?
lim #— o () = = 4.9)
N dp° 1— o’n’ 1+\/1—4oc2172
az 2
1— n
2,,2
P
—-

for (a, #7) € D', where the convergence is uniform on D’. The last statement
of the lemma is obvious. ||

Consider the recursion relations (2.24)~(2.27). Since v(¢,7%) and
v (n) are even with respect to 7, we can define functions u,(z, x) and

u,(x) by

w,(t, ) =vP(t,n), n=1, (4.10)
u, (%) = o5 (1), n=0, 4.11)
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respectively. Then, (2.24)-(2.27) become

0 0 2 0
% u,(t, x) =4x <a u,(t, x)) -2 P u,(t, x), 4.12)
u,(0, x) =2u,_, <%> 4.13)
_ (B B
u,(x) =u, <5,x>—un <§,0>, 4.14)

O(.z

ug(x) = — X ay, (4.15)
’ 0 14+./1—4ay
where n > 1.
Now, let us denote the inverse of p=u,(x) by x=w,(p) and the
inverse of p =u. (¢, x) by x =w,(t, p) for each ¢. Then, w,(p) and w,(z, p)
obey the following recursion relations:

ow, ow,
ot op
wn(O’ p) = 26O"Vn—l (Cl)p), (417)
m(p=m,(5.0). @.18)
1 o
4.2. Solutions

Equation (4.16) with the initial condition (4.17) can be explicitly
solved. In fact, as is checked by direct calculation, the function

1 1 4 @
R . 4.20
w,(¢, p) 2p2 <P p71+4t+(p71+4l)2 Wn_1 <p1+4t>> ( )

solves (4.16) and (4.17). This together with (4.18) and (1.7) implies

1 1 4w w
wp =5 (P o rremy e (ramT)) 429
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This recursion with (4.19) is then solved as follows:

1 A 172\,
< (2 >1, p>0.
wlp) = 2p? (p 2 2 @' —1+p~! 2<a)> * >’ " p=

I= 4.22)

Furthermore, this combined with (4.20) yields

1 2 1/2\
p e R 2
Wl P) = 2p? (p+ ,Zl w'—w+4t+p! 2<w> a)’
n=1, t=0, p>0. (4.23)

Now, u, (¢, x) is obtained as the inverse of x = w,(z, p). We here have
to choose an appropriate branch of the multi-valued inverse.

Lemma 4.2.
(1) Forr>=1 and ¢t >0, the equation
w,(t, p) =0, p>0 4.24)

has a unique solution p, which we hereafter denote by 7,(¢). The function
7, (1) is continuous with respect to ¢ > 0 and satisfies

t>0. (4.25)

(2) For n>=1, there exists uniquely a continuous function u,(z, x)
defined on {(¢, x) e Rx C|t € [0, 4], |x| < p,} such that

w, (¢, u,(t, x)) = x, te [0, g}, [x] < ps (4.26)
, _ [ ﬂ]
u,(t,0)=mr,(2), te| O, 5| 4.27)

where p, > 0 is a suitably chosen constant independent of ¢z. Moreover, the
functions u,(z, x), n = 1, are holomorphic with respect to x and satisfy

: (B : P
ou, (0, 20x) = u, <E,x R n=1, |x|<min pn,z—;l s (4.28)
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Proof.

(1) We see from (4.23) that 2p*w, (¢, p) is increasing with respect to
p>0and

(o)
2 — A\ o, P_’O,
2p°w,(t, p) =4 2\

+ 00, p— +oo,

holds. Then, (4.24) has a unique solution p. The remaining statements are
obvious.

(2) Because of (4.25), there exists uniquely a continuous function
p=u(t, x) defined on {(#,x)e RxC|te[0,5],|x| < p,} satisfying (4.26)
and (4.27) for some positive constant p, independent of ¢. Since the func-
tion w,(¢, p) is holomorphic on the complex half plane Rp >0 for each
te [0,%], u,(t, x) is holomorphic with respect to x. Let us show (4.28).
Since (4.26), (4.17), and (4.18) imply

x=w,(0, u, (0, x)) = 20w,_;(wu., (0, x)) = 20w, _, <§, wu. (0, x)),

we have
B, _
W,_1 > ou, (0, 2wx) |= x. (4.29)

Furthermore, since (4.17) and (4.18) imply

o (e () o B ()

we have
1 B
—_ — = 0
wnnfl <2> nn( )5

that is,

wu,(0,0)=wr,(0)=xr,_, <§>
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Therefore, we can conclude from (4.29) that

ou, (0, 20x) =u,_, <§, x>

holds because of the uniqueness of u,, ;(£/2, x). |

Using the function u,(z, x) in Lemma 4.2, we define u, (¢, x) by

u, (1, %) = [ T (t, ) dy—2 [ "l (s, 0) ds (4.30)

forn=1,te[0, g] and for x € C with |x| < p,. Obviously, it holds that

0
u,(t, x) =—u,(t, x). (4.31)
Ox
We also define u,(x), n = 0, so that (4.13) holds.

Lemma 4.3. The functions u,(¢,x), n>1, and u,(x), n=>0, are
holomorphic with respect to x and satisfy (4.12)—(4.15). Furthermore,
p=u,(x) = u,(x) is an inverse of x = w,(p).

Proof. Equations (4.16) and (4.26) imply

2 ul (¢, x) = 8xul(t, x) i ul (¢, x)+4ul (¢, x)* =2 3 u (¢, x). (4.32)
ot Ox Ox

Therefore, u,(t, x) satisfies (4.12) because of (4.30) and (4.31). Further-
more, (4.13) and (4.28) imply

2l (P
ox =t \ 2t )

from which we obtain (4.14).
Next, we show (4.15). From (4.13) with n = 1, we see that

uy(x) = wui (0, 2wx).

Then, (4.26) and (4.17) imply

x= % w1(0, u7(0, 2wx)) = wy(wu (0, 2wx)) = wy(uy(x)). (4.33)
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Because of (4.19), this means

1 o?
X=———"
2up(x)  dug(x)?

(4.34)

Since (4.34) holds at x = 0 as well, we have (4.15).
Finally, the function p=u/(x) is an inverse of x=w,(p), because

u,(x) =u,(B/2, x) and w,(p) =w,(8/2,p). 1

Let us define v (¢, #) and v () by (4.10) and (4.11), respectively.
As a consequence of Lemma 4.3, v (y) and v (¢, #) can be Taylor-
expanded as (2.28) and

v P, =Y, v n¥, (4.35)
j=1

respectively, in a neighborhood of # = 0. Thus, in view of (2.24)-(2.26) and

(2.27), we see that v, (r) and v{?), satisfy the following recursion relations:

d
EV%‘}")(I)= Y mv @O vE ()= (2j+2) vi), (1), (4.36)

m+€=2j+2
ml=2
(o0) 0) = 2 (0) 4.3
v2j,n( )_(260)] v2j,n—15 ( . 7)
= o (P
= (5) (@.38)
Vb = lim o), (4.39)

4.3. Asymptotics

In what follows, we derive the asymptotic forms (2.29)-(2.31) with
bounds on {{%), k=2, 6, 8, and show Proposition 2.2.

As is shown in Lemma 4.3, p = u,,(x) is an inverse of x = w,(p). Then,
the Taylor coefficient

w 1 d~'p

VZJ*"_J'_!W(O)’ i=zl, n=1, (4.40)
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is calculated from (4.22). For convenience’ sake, we introduce the variable s
by

o

p=—o 4.41)
and regard s as a function of x.

Lemma 4.4. The functions s = s(x) and p = p(x) satisfy

s =0,2xp*+y,—R,(5)) (4.42)
where
5 = (4.43)
" n/24+1 :
1
= (aP—2—/2) 2", 4.4
"= ( V2) (4.44)
1 12 1
R()=5*(—d=Y — ). 4.4
) s<1_s+2]§1 2,,2_S> (4.45)

Proof. From (4.22), we see that

1/2\"
2 =) o 4.4
= l—s 2 Zl w'—s 2< > * (4.46)

Substituting

2/ 2\ 2\ 2\ s? 0
— = _— b — .2 b
=) ) )
into (4.46), we obtain

2xp’=—y,+6,'s+R,(s),
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where
_o—1 (1, 1 2\
e 2% T2me o)
1Z/2YV
6, =1+~ —
. +2]§1 <w2>
21 E /2N s
R — —_ s
(5) 1—s+2]§‘1 <a)3> l—w’s
Since w = /2, we have the lemma. ||

1693

Remark. Equation (4.44) implies that the critical value of « is

V2+/2.

Consider the case x = 0 in (4.42). Then, o, = s(0) satisfies

g, = 5n(yn _Rn(an))’ g, <1l

n

(4.47)

In (4.47), if J, is small and if |y,| is not large, then we see that
o, = 0(9,). To be precise, using successive approximations, we can show

|O-n| < C45n
for n and « satisfying e.g.
9 <155

7.l <10,

where C, is a positive constant.

Lemma 4.5. Suppose that n and « satisfy (4.50) and
n>Cs.
Then, it holds that

Cs6, <v§7) < Cy6,,
2
|v‘(1?(;l) _§n| < C85n7

KN <Co, k=68

(4.48)

(4.49)

(4.50)

4.51)

(4.52)
(4.53)
(4.54)
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Furthermore, if we write

0 1
= 2y —— |+Z 4.55
CZ,n v‘(ix;)2<yn \/5>+ n> ( )
then Z, has the bound
1Z,] < Cio. (4.56)

In the above, C,,’s are positive constants independent of #.

Proof. We choose the constant C; sufficiently large so that (4.50)
and (4.51) imply

lo| < Cad, <3,
d, IR,(a,)] <3.

Now, (4.41) and (4.42) imply that derivatives of s=s(x) and of
p = p(x) are given by

s'(x) =26, p(x)* D,(x), (4.57)
P'(x) = p(x)*5'(x) = 29, p(x)* D,(x), (4.58)

respectively, where
D,(x) ! (4.59)

T 1-40,xp(x)’+06,R,(s(x))’
Then, it holds that

29,

n

PO =05 T+o,R.(@,))’

from which together with (4.40) we obtain (4.52) and (4.53). Furthermore,
from (4.58) we have

p"(x) =83, p(x)’ p'(x) D,(x)+29, p(x)* D;(x). (4.60)
This implies
p"(0)—245; = 83,(p(0)* p'(0) D,(0)—26,) +26,(p(0)* D;,(0)—49,)

and hence

1"(0) —2402| < const. &7



Hierarchical O(N) Spin Model in Four Dimensions 1695

Then, we have the bound (4.54) on {{*). Similarly, differentiating the both
sides of (4.60), we obtain the bound on { §°(;)
Let us show (4.56). Since (4.47) imply

1
p(O)_ 1 __511 =0, +0—ﬁp(0)_

1
Ve N

= 5n <yn _\/L£>_5an(o-n) +O-ip(0),

we have
i —1——r : Vi =9, <y,,— : ) 6,R,(0,)+02p(0)+—~= (8, — V).
N 72 7
This yields
Z, =#< —6,R, (0, )+a,,p(0)+\[(5 —v(°°))>
and hence the bound (4.56). ||

Proof of Proposition 2.2. We choose n, sufficiently large so that
(4.51) and

0, <min ! € € &
" C3(2L+Cyy)’ 2C,° 2C,Cy° 2C,C,

hold. By virtue of (4.44), there exist «,, and a__ such that

Y, — =C7(2L+Cy) 5n15 at a=a,,,

Vn, — = _C%(25+C10) 5111’ at a=oa__.

S-Sl

Since

1
Y, ——F= Sl, CX.E[(X.__,(X. ];
1 \/5’ ++

(4.50) holds for n=n, and a € [a__, a,, ]. Then, (4.52) and (4.54) imply
(2.34)(2.36). Furthermore, (4.55) and (4.56) imply (2.32) and (2.33). |
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5. FROM ¢(N) TRAJECTORY TO ¢(c0) TRAJECTORY

(o0

In Section 4, we obtained the solution v;™)(¢) to the system of ordinary
differential equations (4.36)—(4.38) with (4.39). This system is the formal
limit of (2.13)-(2.15) as N — co. In this section, we show Proposition 2.3,
namely, the fact that the solution vfév,,)(t) to (2.13)-(2.15) is convergent as
N — oo and the limit coincides with v{)(?).

This fact is by no means trivial, because (2.10) is a singular perturba-
tion of (2.24) and because the initial value problem for the infinite dimen-
sional system of ordinary differential equations lacks uniqueness of solu-
tion. In order to show that v{")(¢) is convergent, we use 1/N expansion
developed by Kupiainen.® His method for spin systems on regular lattices
also applies to our hierarchical model.

5.1. Boundedness

We begin with the basic bound on the “mass term” v§")(s) uniform

in N.
Lemma 5.1. For¢t>0,n>1,a>0,and N > 1, it holds that
1 2\"
0<vM ()<= a? <—> ) (5.1)
> 2 1)

Proof. We go back to the renormalization group transformation
(1.8) in the configuration space:

1 2
00 = s e [ av ity ([Zxy ) (f2xy). 62

where

ZM(1) =jRN dx e'™’ IRN dy h™), (\/§x+y>hfﬁ)l (\/%x—y). (5.3)

Note that v§")(¢) is related to the moment of the measure 4.V (7, x) dx as

1
viO(1) = 3 «[RN xth™M (¢, x) dx = x| 2N (2, x) dx, 5.9

1
FVJIRN

where x = (x;, X,,..., Xy)-
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Let r, be the radius of Supp A" (-) for n> 0. Since Supp 2V (z,-) =
Supp AN (-) for t > 0, we see that r,’s satisfy

2
e < [ —Fu_ts n=1.
)

2 n/2 2 n/2
el )

aw

Hence we have

which together with (5.4) implies (5.1). ||
Based on the above lemma, we show the following bound independent

of N.

Lemma 5.2. Forj>1,n>1, and a, > a, > 0, there exists a positive
constant Cy; = Cy,(2j, n, 2, a,) such that

0<V2] () <Cy (5.5

holds for e € [y, «, ], £€ [0, /2], and N > 1.

Proof. For n=0, the lemma follows from Lemma 4.1.
Letn>=>1.1If j=1, (5.1) implies (5.5). Let j > 1. We drop the last term
in the right hand side of (2.13) so that we obtain

RO <Gyt 5, meRo o
m€>2

Then, we can show the lemma by induction on n and j. ||

5.2. Convergence

We now employ the 1/N expansion. Let us consider the ¢ representa-
tion (1.1)—(1.4) in the following form:

¢€ ¢0A ..... 0 = (GA""s 01) € gAa (56)

FY= % Jdb F@yexp (3. 2.08)) TT 3ul—/ o),
Z5(1) 2 o2, (5.7)
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2t
(2w)”

A4-1
+2
k=1

(¢, Ju(0) 9) =

Z ¢9A,..., 0,

0,40 0, =0, 1

B

(260)k 0,45 O p1 =0, 1

, (58

Oprrnnr 0 =0, 1

200 =[dhesp (30,209 T dbl—J/Na). (59

0e 2,

Note that we have introduced ¢-dependence in the right hand side of (5.8)
in order to study the s-dependent correlation v{") (7).

Let ¢$’,i=1,2,..., N, be the ith component of ¢, € R". For a set 4 of
lattice points in .%,, same point possibly occurring several times, we write

09 =1 49
feAd
Let
N 00
<n ¢£§3> =Y su(dt o (AN (5.10)
i=1 A,t m=0

be the formal 1/N expansion of the correlation (T, ¢§2 D4 (See ref. 9,
p- 278.)

Proposition 5.3 (ref. 9, Theorem 2). For r>0, a,>a, >0,
A =2, there exists a positive constant C;, = Cy,(r, a,, ®,, A) such that, for
te[0, /2], a € (ay, ®y), and N > C,,, the remainder of the 1/N expansion
up to O(N"*') has the bound

N r—1
‘(n ¢f4l3 - z Sm(A, t: a, {Al}) N_m < R(ra 0('17 0(2, Aa {Az}) N—r’
i=1 A,t m=0 (5 11)

where R(r, a;, a,, 4, {A,}) is a constant independent of N.

Remark. The above proposition can be proved along the same line
of argument as ref. 9. In Appendix A, we check the properties to be
assumed for applying the method of ref. 9 to our hierarchical system
(5.6)—(5.9). Note also that 4 > 2 should be assumed, since we need bounds
uniform in ¢ € [0, £/2]. (J;(¢) vanishes as ¢ — 0.)

Proposition 5.3 plays a key role in the proof of the lemma below (for
nz=2).
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Lemma 5.4. For j>1and n > 1, the limit

vzjn(t)— hm v2] ) (1) (5.12)

exists, where the convergence is uniform in # € [0, /2] and in « on any
compact subset of (0, c0).

Remark. In the proof below, we assume n>2 and apply Proposi-
tion 5.3. The case n =1 is dealt with in Section 6.

Proof. Letn>=2.Put,forj>1,
ash () =<xPy, (5.13)

a0 () = (~1y B 0 ) (5.14)

1
=5 N2 . 5.15
(zw)n/z 9n§91 ¢9,, ..... 0, ( )
Note that a§}),,(¢) is the connected part of a$}),(t), namely,
agj\jzx(c)(t) = X015 X 15003 X1 Do (5.16)

Applying Proposition 5.3, we expand correlations ag{’ )(t) up to
O(N 1) with remainder estimates. These expansions yield an expression
for the connected part azj ,,(C)(t) in which all the terms up to O(N ~*!) are

explicitly written:

-1
a%?,];(c)(t) = z A3}, me) (1) N_m+a5?,’31(>c)](t)ﬂ (5.17)
m=0

where a,; ,, ) (t) N~ stands for the sum of explicit terms of O(N ™) and

a$)>4(1) denotes the remainder with the property:

lim N/~'a{M)2i(1) = 0. (5.18)

N -

Since (5.5) implies that the right hand side of (5.14) is uniformly bounded
in N, we see

a2j,n,m(c)(t)=o> m=0: 1a2>---:j_2: (519)
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so that we have

agj\,lzl(c)(t) =y, j—100) () N_(j_1)+a§§¥1,(>c{(t).

This implies
V() = (_(21]?)]‘!1 @ =100 (1) +(_(]ZV—J))jl A0
> %J))j'l Wjnj10(1)s N —>oo. |
5.3. Limit

Thanks to Lemma 5.4, we can take limits in both sides of (2.13)-(2.15)
as N - o0

d . -_—
E 1_}2j,n(t) = Z m‘g‘_)m,n(t) Vé,n(t) - (2] +2) v2j+2,n(t)s (520)
m+L=2j
m£=2
_ 2 _
V2;,n(0) = Qa) P (5.21)
1_)2j,n = ‘72j,n <§>5 (522)

and we can write (4.39) as
sz,o = ng%). (5.23)

Although the system (5.20)—(5.22) has the same form as (4.36)—(4.38),
we need an additional condition in order to ensure the equality v, ,(7)

= Vi (0.

Lemma 5.5. In addition to (4.36)-(4.38) and (5.20)-(5.23), we
assume

ha (=), e [o, b

2], n>1. (5.24)

Then, it holds that

Pi.n () = VE7H(0), te[o,g}, n>1, j>1 (5.25)
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Proof. Solving (4.36) and (5.20) with respect to v2]+2 L(t) and
V5j12,,(2), respectively, we see by induction that (5.25) holds. ||

Proof of Proposition 2.3. Let us show (5.24). Since p =u, (¢, x) is
an inverse of x = w, (¢, x), (4.10) and (4.35) imply that

Vi () = u (¢, 0) = m, (1), (5.26)

where 7,(¢) is the unique positive solution to w,(¢, p) =0 (see Lemma 4.2).
Then, in view of (4.23), we see that v{?)(¢) is the unique positive solution to

(f:2<§>vﬁxg+<§>"i _r (5.27)

‘ j_
1o a)+4t+vgﬁ)(t)

On the other hand, using the variable x;, the first component of x
defined by (5.15), we have

1
V(1) = 11m viV() = lim = <{x1), .
Noow 2 ’
1

= lim ——— QP . 5.28

Nl_fflw 200)" G’GZ;,% 95 0% Dn: (5.28)

In order to calculate lim _, , <#$" @5’ ), ,, we use again the 1/N expansion.
(We can assume n>2 or ¢t >0, since, if n=1 and =0, (5.24) has been

established in (5.23).) Decompose J,(z) defined by (5.8) with 4=n as
follows:

Here I denotes the identity matrix and the real constant u, is chosen so
that

Al,=0

holds, where we denoted 1, = (1, 1,..., 1) e R%.
Now, put

C=(—A+m)™" (5.29)

for m?> 0.
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Lemma 5.6. It holds that

2n
2 Caa' =

=,
0,0 c2, m

(5.30)

o\" 2/ 1
Cow=|= - Oe %, 5.31
0 <2> 2 DT —a+ 20 M €% (3D

=1

This lemma will be shown in Appendix A.2.
Now, choose m? so that C,, =« holds, i.e.,

“) 5 2 P (5.32)
et _ =’ .
2 o' —w+4t+20"m?  2"m?

j=1

Then, we have (ref. 9, p. 284)

lim <595, . = Cop- (5.33)
N -

Now, (5.33) together with (5.28) and (5.30) implies

1 1
Cop=——. 5.34
Qw)” g,z % D" m? (5.34)

0es, m

‘_)2,n(t) =

N —

Thus, we obtain (5.24) from (5.32), (5.34), and (5.27).
Since (5.24) holds, Lemmas 5.4 and 5.5 yield Proposition 2.3. ||

6. THE FIRST EFFECTIVE THEORY

In this section, we prove Lemma 5.4 for n=1. For this purpose, we
study the first effective measure density:

1
) —
hV(t,x) = Z™@) exp(? [x|%)

X hSN)<\/§x+y>h8N)<\/§x—y>dy, xeRY,
RY 2 2
where
ZEN)(t)zj dx exp(t lez)j dyh((,N)<\/§x+y>th)<\/§x—y>.
RY RY 2 2

6.1)
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Let us denote integrations with respect to the measures 4" (x) dx and
h™M(¢, x) dx by {-), and - ),, respectively.

Lemma 6.1. Put

m—1 2k -1
4, — <1+—>, m> 1. (6.2)

Then, we have

(—a 2)"‘

A& = 1+z R 63)
AN, é)—1+§ DT e 64)
L CN)Y"m e :

Proof. Equality (6.3) follows from (4.2). Let us show (6.4).
By virtue of spherical symmetry, we have

A, é)=<eﬁ@X)>1=<eﬁ¢XI>l=§ ﬂ@%’")l, (6.5)

moo (2m)!

where ¢ = |€| and x, is the first component of x € R". Similarly, we have

. 0 (_éZ)m

N (£Y — m

hy (&) = mz=0 (2m)! <x1"o- (6.6)

Comparing (6.6) with (6.3), we see that
- a®(2m)! (2m)!
X"y = A A, <X (6.7)

2"ml " 2N)" m!

Now, note that the expectation ¢ -, gives average over an N dimensional
sphere. Then, integrating with respect to the radial distribution of
hM(¢, &), we obtain from (6.7)

2m)!

Ny A

<x%m>1 =

This together with (6.5) gives (6.4). ||

Now let us introduce the connected part

KX e = <X X105 X%, (6.8)
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of {|x|*Y, with |x|? as units, namely, we define {|x|*), .., k=1, 2,..., by

z:: |X| )1 oM — =exp < Z <|X|k!>1,cc Zk>, (69)

m=0

or, equivalently

1
CHOTEDYDY nvn U<IXI2kf>1,m m>1,  (6.10)

nx=1 Z] 1kj=m

where the summations are taken over the sets of all (k, k,,..., k,) € N” with
i_1k;=m and over ne N. Note that we can get mformatlon on the
connected part {|x|*), ., from Z{V(¢), since

d
<|x|2k>1,cc = <_

k
dt) log ZM(1), k>1. (6.11)

Lemma 6.2. For k=1,2,.., the limit lim,_, 5 {|x|*D, . exists,
where the convergence is uniform in ¢z € [0, /2] and in « on any compact
subset of (0, o0).

Proof. We carry out the integrations in the right hand side of (6.1):

t
Z™M(t) = const. f dx '[ dy exp <— |x+y|2> A (x) §V(y)
R RY 2w

= const. exp <L Noc2>j dxj dy exp <i (x, y))
(0] rY rY w
x 8(|x|—/N @) 8(lyl —/N «)
_ L Na2 _ V) !
= const. exp <w Na >L@N dx 5(1x| —/N a) AS <ﬁw |x|>

t A t
= const. exp <— Noc2>h8N) <—\/Noc>.
@ v-low

Therefore, we have

1 t t
v log Z{™(t) = const. + a?—o™ <;“> (6.12)

/1o

Lemma 4.1 implies that the right hand side of (6.12) converges as N — o,
where the convergence is uniform in ¢ on any compact subset of a certain
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neighborhood of the real axis and in « on any compact subset of (0, c0).
Then, the limit

.1 . L /d\*
fim 3 P = fim () Toe 20
exists for k=1, t € [0, /2] and for a > 0. The convergence is uniform in
te[0, /2] and in « on any compact subset of (0, c0). ||
Next, we define the connected part 4, . of 4, by
s Am m__ > Ak,c k
gy A —exp<kz=:1 TP ) 6.13)

or equivalently

1 m!
A, = Z n—H p ]:[ Ak o m=>1. (6.14)

n=l Xi_ikj=

Lemma 6.3. Fork=1,2,..., the limit lim, _, , N*~'4, , exists.

Proof. From (6.3) and (6.13), we have

i@ e (3 T (-3 ))
= K 2

Ak,c 1 2 2 k

o < zoc Nn > .

k1 2F
NkilAkc ( l)k ! 2k v(zjlg)o

and hence

1 [ee]
U((JN)(’?) = N Z
k=1

Then, it holds that

Since Lemma 4.1 implies that vgj,f,)o converges as N — co, we obtain the
lemma. ||

Put, form > 1,

Bm = <|X|2m>17
Bm,c = <|X|2m>1,cc9
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and write (6.4) as

o=y (-2 (615

We now introduce connected parts of the product “4B.” Let £, be the
set of all partitions of {1, 2,..., m}. Then, (6.14) and (6.10) can be written as

A, = Z H App, e

Pe?, IeP

Bm = z l_[ l;|I|,c9

Pez, IeP

respectively, where |I| denotes the number of elements of 7. Here, we think
each I € 2, to connect elements contained in [ into a single component by
|[I]—1 links (bonds). The connected part of “4B” is by definition

(AB)k,c = Z x(P, Q) n A|I|,c JHQ B|J|,c9 (6.16)

P,Qe? IeP
where

1, {1,2,..., k} is connected by P U Q,

. (6.17)
0, otherwise.

Xk(P’ Q)={

In this notation, we can write (6.15) as

o (& AB). [ &V
i@ —ex (% U2 (-50)),

k=1

Thus, we obtain the formula:

1/ 1\F(4B),.
0=y (-3) o (618)

Lemma 6.4. For k=1,2,3,..., the limit limy_, & (4B), . exists,
where the convergence is uniform in ¢ € [0, /2] and in « on any compact
subset of (0, c0).

Proof. Consider the term

(P, Q)= IHP Ay, ,HQ B,
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in the right hand side of (6.16) corresponding to a pair of partitions
P, Qe with y. (P, Q)=1. Suppose that the partition P consists of n
elements, that is, the set {1, 2,..., k} is decomposed into » disjoint subsets
each of which is connected by some element of P. Then, Lemma 6.3 implies
that the quantity

N TT Ao =TT N4y,

IeP IeP

is convergent as N — co. On the other hand, Q should have at least n—1
links because otherwise the set {1,2,...,k} could not be connected by
P U Q. Let us denote the number of elements of Q by »’. Then, we have
n' <k—n+1 and Lemma 6.2 implies that

N—k+n—1 H B|J|,c =Nn’—(k—n+1) 1_[ N_1B|J|,c

JeQ JeQ
is convergent. Thus, we see that
_‘//(P Q)=N“"1] Ay .- N [] By,.
IeP JeQ

is convergent and we obtain the lemma. ||

Lemma 5.4 for n =1 directly follows from Lemma 6.4 and (6.18).

APPENDIX A. HIERARCHICAL GAUSSIAN

In this appendix, we show the properties to be assumed when we apply
the 1/N expansion® to the proof of Proposition 5.3: we prove the reflection
positivity (Lemma 1.1) and certain bounds on the hierarchical Laplacian
(Lemma 1.2). In addition we prove Lemma 5.6.

Let us write (5.6)—(5.9) as follows:

bo =¢0A ,,,,, 0,5 0= (04,0, € &, (A.1)

1 1
3= [ Fdyexp(36.99)) T ShP-No). (A2)
- 6 4,..., 0 2’ A3
. 70)= Z(2 )keA ,,,,, 9%10101( ,,,,, 0= 01¢A”l (&3
Z,(1) = f d¢ exp <§ (¢, J¢)> 91__[? 3(|¢s>— Na?), (A.4)
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where

ﬁk={ T (A5)

We define a matrix B by

(Bp).=—7¢ ) b (A.6)
29,=0,1
and write
<
J=Y =k p*pk (A.7)
k=1 @

Precisely saying, B* should be written as a product of distinct matrices
By, B,,..., B.. We however suppressed the subscripts of B for simplicity.

A.1. Reflection Positivity
For/=1,2,..., A, we define the reflection p, on the lattice .#, by

gks k?él’

0), = Oe &,.
(p:0)x {l—@k, k=1, €2y

Lemma A.1. The measure {-)», has reflection positivity with
respect to p;,, [ =1,2,..., A.

Remark. Since the reflection planes for p,, [ =1, 2,..., A, separate the
24 points in %, from each other, we have ‘“the chessboard bound”® used
in ref. 9 from this lemma.

Proof. We fix I. Let us define the upper half space with respect to p,
by

X={9|91=1}

and denote the set of all polynomials in ¢,, € £, by P*. The lower half
space ¥ and the set P~ of all polynomials in ¢,, 6 € &, are similarly
defined.

We look into the kth term in the right hand side of (A.7). Put

¥ =B%
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and write
(¢, BB ) =l*= Y V5 o,

Suppose that / > k. Note that

Putting

we have > = py% and hence

W1 =2 +92 =42 +ppl.

Then, (¢, B**B*$) = |/||*> makes a reflection-positive interaction.
Suppose that / < k. We can decompose ¥/ as

y=y*+y, Yy*eP*,
with
Yo =py*.
Then, we have

W2 ="+ o 12 =W 12+ o WIP+2 X Y5, 0., PY5, 0,

0 55 O 1

This means that (¢, B**B*¢) =|y|> makes a reflection-positive inter-
action. |

A.2. Hierarchical Laplacian

We decompose J as

J= A, +pol (A.8)
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so that

A1, =0

Watanabe

(A.9)

holds, where y, is a constant and 1,='(1, 1,...,1) € R%. In fact, using

Bl, ,= ﬁ 1, ., we have

1 B
Mo = i, ||2(1A5J1A) Z oF

k=1
and hence
ﬂk *k pk ﬂk
—AA_Z 7 (—B**B*+1) = Z = (=P +1),
k=1 k=1 w*
where

P,=B*B* = k=0,1,2,.., A

Since BB* = I, it holds that

[)]Pk = Pmax(j,k)’
* f—
P =>,

namely, P;’s are orthogonal projections satisfying
P <P, <---<P<P=I
Define Q;, j=0, 1, 2,..., 4, by
Q=P —P_,, j=0,1,2,...,4-1,
0,=P,.
Then, Q,, 0,,..., Q, constitute orthogonal projections with

Qij = 5ijja

Z _

(A.10)
(A.11)
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In this notation, matrices — A ,+m?I and C = (—A ,+m*I)™" are written
as

A
— A +m =Y 3,0, for m?=0, (A.12)
k=0
41
CcC=> —@Q, for m*>0, (A.13)
k=0 V&
where
A ﬂ
z —]j+m2, k=0,1,2,...,4—1,
Ve ={ ;<701 @ (A.14)
m?, k=4
Lemma A.2.

(1) The matrix — A , is positive semi-definite and its eigenvalues lie
in [0, o]
(2) Forl>=1, it holds that

2A
0<TrC’<—21.
m

Proof. (1) Put m*=0 in (A.12) and (A.14). Then, we see that the
smallest eigenvalue of — A , is 0 and the largest one is

Z &_ﬂo-

j=1 @

(2) Note that (A.13) implies

; A 1 A4-1 2A—k—1 1
TrC zkzo ETI‘ Qk =kZO T-’-—IA, l=1,2, (A15)

Since (A.14) implies y, >m? we can estimate the right hand side of
(A.15). 1

Based on Lemmas 1.1 and 1.2, we can apply the 1/N expansion® to
the hierarchical system and obtain Proposition 5.3.
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Proof of Lemma 5.6. (1) Note that (A.13) and the equality

BAQ B — 0, 0<j<4-1,
! 19 ] = A’
yield
1
BCB* = et
This means (5.30).
(2) Since
(Q)en = 277 0<i<a-l, feZ
1700 2_A, .]= A’ »
(A.13) implies
A-1 1 1 0
C,, = —_ e ¥,.
% kgo 2k+1}’k 2%y, 4
Now, under (A.5) we have
1

. ﬂ(a)/“k—a)+4t+2a)/‘m2), 0<k<A-1,
=

m?, k=A.

Then, it holds that

o\t & 2/ 1
C00=<E> Z I

- + .
= o' —o+4t+20'm?  2%m?
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